
conditions the antifoam promotes localized thinning and 
rupture of the bubble walls which cause coalescence to 
precede disengagement from the frit. Once formed, how- 
ever, air bubbles rising through the antifoam-containing 
liquid show a high degree of resistance to agglomeration 
even after repeated collisions. 

In general, antifoams are employed to break up stable 
surface foams and it is suggested that they function by 
rapidly spreading on the bubble surface, sweeping away 
surfactant, and thereby rupturing the bubble. They ap- 
pear to be most effective against thin-walled, well-drained 
foams. Our experiments suggest that similar conditions 
exist on the frit surface where substantial drainage can 
occur between bubbles while they are still held in contact 
by attachment to the frit. In contrast, in the bulk liquid 
colliding bubbles can separate from each other faster than 
interfacial drainage can occur and the relatively thick 
liquid film maintains bubble integrity even when anti- 
foam is present. 

3. Hydrophobic frits modify the flow regime primarily 
by increasing the average bubble size prior to disengage- 
ment and not by promoting agglomeration during bubble 
formation. In this respect they behave much more like 
perforated plates than their hydrophilic counterparts and 
may be more appropriate to use in modeling studies. 
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NOTATION 

Q = void fraction 
y = surface tension 
p = liquid density 
g = gravitational constant 
J B  = drift flux 
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Creeping Flow of a Power-Law Fluid over a Newtonian Fluid Sphere 
V. MOHAN 
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In a paper in this journal, Nakano and Tien (1968) in- 
vestigated the creeping flow of a power-law fluid over 
a Newtonian fluid sphere and presented an upper bound 
on the drag. A combination of Galerkin’s method and 
variational principle due to Johnson (1960) was used in 
their analysis. However, the functional they minimized 
is proportional to the energy dissipation rate for the ex- 
ternal fluid alone and does not draw any contribution from 
the inside fluid. It is to be expected that the minimizing 
of the functional obtained by viewing the system as a 
whole will lead to the true upper bound on the drag. Fol- 
lowing this approach it is shown in this work that the 
upper bounds are, in fact, below those of Nakano and 
Tien for values of the relative viscosity factors around 1. 
Such flow situations arise in liquid-liquid extraction, phase 
separation, and allied processes (Treybal, 1963). 

Adopting the notations of Slattery (1972), the equa- 
tions of continuity and motion are 

at+ 
P (7 + 0’ fJ!j ) = - p“ + 7“JJ + p f* (2)  

We make the same assumptions of flow as made by 
Nakano and Tien. The constitutive equations governing 
the flow are taken to be 

q k  = 2 ~ i  d? (internal fluid) (3)  
~~k = 2K ( 2  dj’dij) (n- -1) /2  dlk (external fluid) (4 )  

The equation of motion for the inside fluid reduces to 

DqIi = 0 ( 5 )  

Let us define a function E as 

( 6 )  

where 7 2  = &dj’. It has been shown (Slattery, 1972) 
that for a homogenous function E,  

tr (T D )  = q E (7) 

where q = n + 1 for power-law fluids 
= 2 for Newtonian fluids 

We now seek to obtain the upper bound to the energy 
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dissipation rate for the system comprising the internal 
and external fluid. Considering the function E for the 
actual velocity and a similar function E" for a trial veloc- 
ity profile, we may write as a consequence of the varia- 
tional principles that (Slattery, 1972) 

I. - ( p  +A) 11 * - n (9) 

where (S - S,) is that part of the bounding surface where 
velocity is not explicitly specified. Combining Equations 
(7) to (9)  and noting that ( S  - S,) is the fluid-fluid 
interface, we have 

It can be seen that 

- -J V{ + v, t r ( 7 ' D ) d ~  (11) 

Since the contribution to the total drag from the internal 
fluid is often small, the approximation by Equation (11) 
is sufficient. From Equations (10) and ( l l ) ,  

Svf tr (7 D ) i  dV + Jv0 tr (7  - DI0 dV 

From an overall mechanical energy balance we can write 

v, F d  = svi tr (7  * D ) i  dV 4- svo tr (r * D ) o  dV 

(13) 
where F d  is the drag force. 

The problem of finding the upper bound to the drag 
force thus reduces to the minimization of the expression 
to the right of the inequality in Equation (12) subject 
to the differential Equation ( 5 )  and the set of boundary 
conditions 

(or)( = ( o r l o  = 0 at r = 1 (14a) 

= ( u e ) o  at r =  1 (14b) 

(7re ) i  = (TreIo  at r = 1  ( 14c) 

$0- -H r2sin26 as r +  00 ( 14d) 

( ~ r ) i  and (ue)t remain finite at r = 0 (14e) and 

Let us choose the trial stream functions to be 

$i = (Cl ++  CZ P + c3 7 4 )  (1  - 22) (154 
$, = (-35 $ + A 1  F'+ A d r )  (1  - z2) (15b) 
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Applying the boundary conditions (14a) and ( 14b), 

A1 + A2 = ?4 

c1+ c2 + c s  = 0 
2C1+ 3cz + 4C3 = Alw - A2 - 1 

(16) 

(17) 
The approximate solutions of Equations (5) and (14c) 
using Galerkin's method are obtained by setting 

J:l E(Tre)o - (7re)iI I ( 1  - 9) dz = 0 (19) 
r=1 

Equations (18) and (19) reduce to 

c2 = 0 (20) 
and 

J - , ( ~ - Z ~ ) ~ / ~ [  6 C 3 X -  ( 2 j p ) ( n - 1 ) / 2  z=1 

1 

[A1 (a - 2) (w - 1) + ~ A z ]  ] dz = 0 (21) 

where yo2 is the dimensionless second invariant of the 
rate-of-strain tensor given by 

Fo2 = x4 [6z2 [ (2  - a) A1 #-") 4- 6A 2 X2I2 

(1 - 2 2 )  
[ (a - 2) (w - 1) A1 dl-") + 6Az 3 ~ ~ 1 ~ 1  

+ 2  
(22) 

X = ~ ~ / K ( V J U ) ' " - ~ )  (23) 

and 

Defining the drag coefficient c d  and Reynolds number 
Re as 

1 
(24) 

(2a) Vm(2--n) p 
Re = 

K 

and combining Equations (12) and ( 13) we have 

y = -  c d  Re 
24 

2(2n-1)/2 
6 s:l s,' (cz) (n+1) /2x-4  d~ dz + 

3 
2 ( n + 2 >  +- (n + 1) C1' X = F (25)  3 

NUMERICAL SOLUTION 

Four of the six unknowns in Equations (15a) and 
(15b) may be eliminated using Equations (16), ( 17), 
and (20) to give 

A2 = ?4 - A1 

C1 = % - (C + 1) A d 2  

c2 = 0 

c3 = - c1 1 
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A Fibonacci search (Mangasrian, 1972) on c is per- 
formed to minimize F given by Equation (25) .  The 
value of Al for evaluating F is obtained by a numerical 
solution of the constraint Equation (21 ) ,  for various val- 
ues of u used in the Fibonacci search. We now define G, 
the measure of the deviation from the boundary condition 
( 14c), as 

G = J-, 1 

- (7re)i121 ~ Z / C K  ~ = / a ) n - 1 1 2  ( 2 7 )  

The values of G for various n for a typical value X = 1 
are shown in Table 1. The consistently low values of G 
indicate that the boundary condition (14c) is very well 
satisfied. The minimum of F obtained by the Fibonacci 
search gives the upper bound to Y. 

r = l  

RESULTS 

In Figure 1 are plotted the results of the present work 
and those of Nakano and Tien. The results of the present 
investigation are significantly below those of Nakano and 
Tien especially for X around 1. However, there is remark- 
able coincidence at  extreme values of X. This is to be ex- 
pected because the volume integral of Eio given by the 
second term on the right of the inequality 25 tends to 
zero as X tends to extreme values. It is observed that 

TABLE 1. MEASURE OF rn DE~IATION (TrO), ,  - (Tre ) i  AT 
THE SURFACE OF THE SPHERE FOR X = 1 

Flow behavior index, n G defined by Equation ( 27 ) 

0.9 
0.8 
0.7 
0.6 

1.20 x 10-5 
5.30 x 10-5 
5.80 x 10-5 
1.20 x 10-5 

------ NAKANO 6 TIEN (1968) 1.5 c I 
1.4 

1.3 

1.2 

t 1 . 1  
m 
2 

1.0 

0.9 

0.8 

0.7 

0.6 1 I I I I 1 
0.8 0.7 0.6 i 0.9 

n -  
Fig. 1. Variation of the Upper Bound on Y with flow Behavior Index, 
n for various values of X :  - - - - - - - - - Nakano and Tien (1968); 

present work. 

with increase in X from 0 to infinity, C1 decreases rapidly 
to zero, and C1* X shows a maxima around X = 1. 

CONCLUSION 

The true upper bound to the drag on a fluid sphere 
placed in a flowing power-law fluid has been presented. 
There is considerable deviation from the results of Nakano 
and Tien for values of X around 1. 

ACKNOWLEDGMENTS 

The author wishes to acknowledge Dr. D. Venkateswarlu for 
his valuable comments, and the Indian Institute of Technol- 
ogy, Madras, and the Council of Scientific and Industrial Re- 
search, India, for the financial assistance. 

NOTATION 

a 
f” = body force 
n = flow behavior index 
- 71. 
p = pressure 
q 
r = dimensionless radius, R/a 
t =t ime 
0 = velocityvector 
x = l / r  
z = COS e 
A1, A2 
c1, cz, c3 
C d  = drag coefficient 
E 
F 
F d  
G 
K = consistency index 
R = radial coordinate 
V, = terminal velocity 
X 
Greek Symbols 

y2 = second invariant of the rate-of-strain tensor 
7 2 = dimensionless second invariant of the rate-of- 

strain tensor, y2 (a/V,) 
vi = viscosity of the drop liquid 
p = density of the drop liquid 
u = parameter in Equation (15b) 
7 = extra stress tensor 
e = &coordinate 
+ = stream function 

Su bscriph 
i = inside 
o = outside 

= radius of the fluid sphere 

= direction of the normal on the bounding surface 

= parameter in Equation ( 7 )  

} = constants in Equations (15a) and ( 15b) 

= function defined by Equation (6) 
= defined in Equation (25) 
= drag force exerted on the sphere 
= defined by Equation (27) 

= relative velocity factor defined by Equation (23) 
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